In this note, analytic description of V 3 (A) is given for normal matrices of the form
By the result in [3] (see also [1] ), In Section 2, we give an analytic description of V 3 (A) for any matrix A ∈ M n of the form A = A 1 ⊕ iA 2 , where A * 1 = A 1 , A * 2 = A 2 . Section 3 concerns matrices of the form A = A 1 ⊕e i 2π
Additional results and remarks about the polynomial numerical hulls of order k of normal matrices are given by a new concept "k th roots of a convex set" in section 4.
Matrices of the form
In this section we shall characterize V 3 (A), where
Lemma 2.1. Let H be a semi-definite Hermitian matrix and k ≥ 2 be an integer such that X * H k X = (X * HX) k for some unit vector X = (x 1 , ..., x n ) t . Then X * HX ∈ σ(H).
Proof. Without loss of generality, we assume that
Since the graph of the function y = x k , x ≥ 0 is convex, we have µ = h i for some i = 1, . . . , n. Consequently, µ ∈ σ(A). Proof. Without loss of generality, we assume that A 2 is a positive definite matrix. By [2, Theorem 2.2], we know that
Thus there exists a unit vector x = x 1 ⊕ x 2 such that
where 0 is the zero matrix of the same size as A 1 . Hence H ≥ 0 and X * H 3 X = (X * HX) 3 . By Lemma 2.1, µ ∈ σ(H). Hence µ = 0 or µ ∈ σ(A 2 ) ⊆ σ(A). It is enough to show that if µ = 0, then µ ∈ σ(A). By 
It is easy to show that X is a unit vector and X * AX = X * A 2 X = X * A 3 X = 0 and hence 0 ∈ V 3 (A). Now, let η ∈ V 3 (A). Then there exists a unit vector X = (x, y, z, t) t such that
Conversely, let η = 0. The relations (2.3) and (2.5) imply that (β = α or |x| 2 = |y| 2 = 0) and (θ = γ or |z| 2 = |t| 2 = 0). Since α, β, γ, θ are positive numbers and X = 0, by (2.4), we obtain α = β and γ = θ.
If η ∈ R, then the relations (2.3) and (2.5) imply that |z| 2 = |t| 2 = 0. Therefore, |x| 2 + |y| 2 = 1 and hence η = ±α. Thus, 
3) and (2.5), we obtain
Now, replacing the above equations in (2.2), we can write
. We are looking to find η ∈ R such that P (η) = 0 and
It is readily seen that the relations in (2.7) hold and by (2.6), P (η) = 0. Therefore,
(c) It is enough to consider iA instead of A.
Then, there exists a unit vector X such that X * AX = η, X * A 2 X = η 2 and X * A 3 X = η 3 . These relations imply that |x| 2 = η+β α+β , |y| 2 = α−η α+β , and |z| 2 = |t| 2 = 0. Also, we have For a 3 × 3 normal matrix A, the 4 th point in V 2 (A) (if any) is the orthocenter of the triangle generated by σ(A). It is interesting that if γ → ∞, then i α 2 (θ−γ)
θ is the orthocenter of the triangle generated by {α, −α, −iθ} [2, Theorem 2.4].
Matrices of the form
In this section, we study the polynomial numerical hull of order 3 of matrices of the form 
Lemma 3.4. Let A be as in (3.1). Then
Since η ∈ R, 
By the same method as in the proof of Lemma 3.4, we have
By the Cauchy-Schwarz Inequality, we have (
Hence
In the following Theorem, we show that if A 1 , A 2 and A 3 are positive semi-definite matrices as in (3.1), then V 3 (A) = σ(A).
Theorem 3.6. Let A be as in (3.1). If A 1 , A 2 , A 3 are positive semi-definite matrices, then V 3 (A) = σ(A).
Proof. By Lemma 3.4,
.
Assume A 1 = diag (a 1 , · · · , a ℓ ) , A 2 = diag (b 1 , . . . , b m ) , and A 3 = diag (c 1 , . . . , c n ) , where 0 ≤ a 1 ≤ · · · ≤ a ℓ , 0 ≤ b 1 ≤ · · · ≤ b m , and 0 ≤ c 1 ≤ · · · ≤ c n Let p i = a i , a 3 i , q j = −b j , b 3 j , r k = 0, c 3 k . By the following Figure, Proof. Without loss of generality, we assume that A 3 is a negative definite matrix. By [2, Theorem 1.4 
In the following example, we show that Theorem 3.6 may not be true if A 1 , A 2 are positive semi definite matrices and A 3 is a negative definite matrix.
. After a rotation and a translation, by using Theorem 2.5 (a), it is readily seen that
4. K th roots of a convex set. In this section we introduce the concept of k th roots of a convex set and we show that the concepts "inner cross" and "outer cross" in [2, Section 3] are special cases of this concept. In the following Lemma, we list some properties of the k th roots of a convex set. 
The following is a key Theorem in this section: Theorem 4.3. Let A be a normal matrix and S be an arbitrary convex set. If It is clear that R is an arbitrary rectangular hyperbola with center at the origin. 
